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INTRODUCTION 
In uhrasonie nondestructive testing (NDT), configurations of immersion techniques 
where transducers radiate through non-planar interfaces are often encountered, e.g., pipe 
inspection where the probe can be scanned either inside or outside the pipe. When local 
radii of curvature are far !arger than typical wavepaths in the coupling fluid and into the 
piece, field predictions can often be made assuming a plane interface. For smaller radii, 
such an approximation is not valid. 
The model developed at the French Atomic Energy Comrnission (CEA) to predict 
uhrasonie fields radiated by wideband transducers through liquid-solid interfaces ( called 
Champ-Sons) is based on a modification of the Rayleigh integral to take account of refrac-
tion. lt is derived under the geometrical optics approximation (GO) [I] which introduces 
two factors : the transmission coefficient between the two media of elementary contribu-
tions from source-points to field-points and the so-called « divergence factor » of the 
transmitted rays ( denoted by DF), accounting for the principal radii of curvature of the re-
fracted wavefronts (initially spherical in the coupling medium). 
Various effects are induced by curved interfacesrelative to the case of a plane in-
terface. Multiple scattering can take place if the interface is locally concave and may resuh 
in non-negligible effects if local radii of curvature are smaller than the wavelength. Subse-
quently, they are assumed tobelarge enough to neglect multiple scattering. 
Under the GO approximation, curved interfaces modify both the wavepaths in the 
two media between a source-point and the field-point and the divergence factor DF. Since 
relative delays (or phases) between the various contributions areproportional to wavepaths, 
the field structure resulting of constructive or destructive interferences of these contribu-
tions is fundamentally dependent on wavepath modifications. lf the wavespeed is faster in 
the second medium than in the first, a concave (resp. convex) fluid-solid interface has a fo-
cusing (resp. diverging) effect. To illustrate such an effect, we computed the fields radiated 
by the same transducer through a planar, a cylindrical convex or concave interface. 
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Modifications of the divergence factor (DF) concem only the relative amplitude of 
the various contributions but not their phase. Examples of DF corrections for spherical and 
cylindrical interfaces are given and their effect on the transmitted field is discussed quanti-
tatively by means of numerical examples (in the case of cylindrical interfaces). 
TRANSMISSION OF A SPHERICAL W AVE THROUGH A CURVED INTERFACE : 
THE GEOMETRICAL OPTICS APPROXIMATION 
The Champ-Sons model uses the Rayleigh integral for modeling radiation into the 
coupling medium. Let r be a field-point in an elastic solid and rTr be a running point of ele-
mentary surface dSTr at the active surface Tr of a transducer. The transducer is immersed in 
a ( coupling) liquid ( of wavespeed c) and vibrates with (normal) particle velocity vn(rTr,t). 
Under the classical assumptions made in the Rayleigh integral which apply very weil to 
typical transducers used in NDT, the source point rTr radiates a hemispherical velocity 
potential in the fluid at r1 given by, 
(I) 
This spherical field is incident upon the interface between the coupling medium and 
the piece. It is partly reflected inside the coupling and partly transmitted into the piece. In 
what follows, we are only interested in the calculation of the transmitted field. 
Plane Interface (Recall) [I] 
A spherical wave incident upon a plane interface gives rise to a complex transmit-
ted field in the solid medium. The field can however be computed with arbitrarily high pre-
cision. For this, the incident spherical wave is decomposed into its angular spectrum of 
plane waves (by double Fourier transform). The transmission of each plane wave compo-
nent is treated by means of the canonical solution for plane wave transmission at plane in-
terfaces. The whole spectrum of transmitted plane waves is then recomposed to obtain the 
final result (by double inverse Fourier transform). GO approximation is an approximate 
solution to the recomposition of the transmitted angular spectrum. The GO solution as-
sumes that the components of the angular spectrum which contribute constructively to the 
field (at a given field-point), are those components corresponding to a path of stationary 
phase between the source point and the field point. The inverse transform is thus approxi-
mated by means of an asymptotic development around these stationary wavepaths (first or-
der for amplitude terms and second order for the phase or delay terms). 
Under the GO approximation, only bulk wave contributions can be computed at 
field-points where the various bulk waves arenot coupled, that is, far enough (at least one 
wavelength) from the interface where surface waves propagate. GO approximation Ieads to 
the following solution for the transmitted displacement u(r,t) (say) generated by the inci-
dent field given by Eq. (I). One gets 
(2) 
where DF is the so-called « divergence factor », C~·· (8 1 , t) is the time-rlependent trans-
mission coefficient relating the velocity potential in the fluid to the a -displacement in the 
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solid ( a is either a L- or a T-wave) for an incident angle (J 1 , and T is the travel-time from 
the source-point to the field-point. Paths of stationary phase are obtained by applying Snell-
Descartes laws. [Hereafter, only one wavepath is considered. The case of multiple wave-
path is treated by a simple sum]. The time-dependent transmission coefficient is given by 
(3) 
where ~·· and (/):·· are the amplitude and phase of the transmission coefficient calculated 
in the harmonic regime [3]. The wavepath between the source- and field-points is given by 
(4) 
where R1 and Ra are the lengths of the path of stationary phase in the fluid (wavespeed c) 
and in the solid (for the a = L,T wave of wavespeed ca, (Ja being the refracted angle). The 
corresponding divergence factor DFptane is given by (see [4] for example), 
(5) 
Comparisons have been made (in 2-D) of results computed using the full angular 
spectrum with results obtained underGO [1]. They show excellent agreement of both solu-
tions when field-points are at ranges Ionger than one wavelength in the solid medium. 
Matrix Method to Compute DF for Arbitrarily Curved Interface [2] 
In electromagnetism, a general matrix method has been explicitly given in the case 
of a two-medium configuration to calculate DF for an arbitrarily curved dielectric interface 
[2]. « Arbitrarily curved » must be understood as « arbitrarily under the assumptions made 
to derive a GO solution )), In practice, radii of curvature of the interface must be larger than 
typical wavelengths involved in the refraction process. Explicit matrix formulas are given 
for a single curved interface configuration. A source-point is situated in one of the two me-
dia assumed to be isotropic and homogeneous and therefore, is source of a spherical wave. 
If three media were considered, the wavefront incident upon the second interface would 
have two principal radii of curvature and the explicit formulas would not apply. In what 
follows we make use of the matrix formulas derived by Lee et al. but do not recall the 
method. Readers interested in a detailed description ofthe formulation are referred to [2]. 
When a particular geometry of interface is considered, it may be interesting to explicitly 
derive an analytic solution for the divergence factor, for computer efficiency. Lee et al. [2] 
derived such a solution for spherical interfaces (only one curvature radius). We derived 
analytic solution of DF in the case of cylindrical interfaces. 
Divergence Factor for Spherical Interfaces DFsph [2] 
Here, we briefly recall the solution derived by Lee et al. for spherical interfaces, us-
ing the same notations as for the plane interface. Let us assume a spherical interface which 
radius of curvature is 9t The sign convention for the curvature of the surface is as follows : 
9t = + l9t I for an interface which is concave when viewed from the source and 9t = - l9t I 
for a convex interface. lt can be easily checked that, as 9t tends to the infinity, that is, as the 
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spherical interface becomes plane, the divergence factor given by Eq. (6) tends to the ex-
pression for plane interface [Eq. (5)]. 
DF,;~ (rr,,r) =[ ( R1 +Ra c; + R;a ( cosea- c; cose r))] 
(6) 
Divergence Factor for Cylindrical Interfaces DFcyl 
Explicit analytical expression of DF for cylindrical interfaces can be found in the 
Iiterature only in the 2-D case (in [5] for example). In the 3-D case of a ray in an arbitrary 
plane relatively to the cylindrical interface, the angle made by the plane of incidence (the 
same plane as the plane containing the refracted ray) and the axis of symmetry of the cylin-
der must be taken into account ( on the other hand, such an angle is nonsensical for plane or 
spherical interfaces). Let cp be this angle. We simply give the final result, using the same 
sign convention for the radius 9\ of the cylinder as for the sphere. Interestingly, the final re-
sult may be expressedas a correction to the divergence factor for a plane interface. DF91 is 
written as 
Again, as 9\ tends to the infinity, Eq. (7) tends to Eq. (5). 
Discussion of the Main Theoretical Results 
Under the GO approximation, curved interfaces modify two terms in the radiation 
integral relatively to the case of a plane interface. First, the phase or delay of elementary 
contribution is modified since the wavepath of stationary phase is modified. Second, the 
amplitude of each contribution is modified since DF is modified (principal radii of curva-
ture of the refracted wavefront). In what follows, the importance of these two effects is dis-
cussed by means of numerical examples computed for the cylindrical case. 
RESULTS 
Cylindrical Interfaces vs. Plane Interface 
Here, we show the effect of curved interfaces on the structure of the field transmit-
ted into the solid medium. For this, we compare fields radiated by the same transducer 
through a plane, a convex or a concave cylindrical interface. These interfaces separate a 
fluid medium (water) in which the transducer radiates and asolidmedium (made of ferritic 
steel), in which the field is computed. Predicting this effect consists in properly taking into 
account both Snell-Descartes' laws of refraction (wavepath modification) and amplitude 
correction due to DF modification for the various interfaces considered. 
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Figure 1. CW fields radiated in a solid by a spherical irnrnersed transducer through an in-
terface -a) plane, -b) and -c) cylindrical from outside, -d) and -e) cylindrical from the in-
side, -b) and -d) perpendicularly to the generatrix of the cylinder, -c) and -e), parallel to it. 
Fig. 1 compares fields radiated in a 2-D computation zone (note that computation is 
3-D). In the case of cylindrical interfaces, this zone is taken either in a plane parallel to the 
generatrix of the cylinder or perpendicular to it. Therefore, five different results are com-
pared. The transducer modeled in these computations has a curved (spherical) active sur-
face. Its radius of curvature equals 100 mm, its diameter equals 40 mm and it is orientated 
so that the center ray (the ray normal to its surface at its center) is parallel to the normal to 
the interface (this point of intersection is chosen as the origin of the co-ordinate system). 
The waterpath of the center ray is 30 mm. A narrowband excitation pulse of center fre-
quency 2 MHz is assumed at first. Media characteristics are taken as follows : wavespeed 
in water is 1480 m.s·1, compression and shear wavespeeds in steel are 5850 and 3250 rn.s-1, 
respectively, water and steel densities equal 1000 and 7800 kg.m-3, respectively. Cylinder 
radius equals 60 mm. Attenuation in both media is neglected. Figure 1 displays the field ra-
diated at field-points of a 2-D zone defined by: z [5, 30] mm and x (or y) [-15, 15] mm. 
Clearly, the shape of the interface has a paramount importance on the structure of the field 
radiated into the solid. 
In the broadband case, the changes of wavepath modify the delay, not the phase, of 
elementary contributions. We consider again a spherically focused transducer of 30mm-
diam, 100-mm of curvature, tilted by an angle of7.22° so as to generate a 30° longitudinal 
beam. The excitation pulse is a synthesized pulse of center frequency 2 MHz and of 80% 
relative bandwidth. Figure 2 shows the maximum of amplitude of the scalar displacement 
potential (L-wave) in a 2-D zone for a plane, a concave and a convex cylindrical interface, 
the 2-D zones being perpendicular to the generatrix in the cylindrical case. lt appears that 
the concave interface has a focusing effect (the focal zone is smaller) while the convex in-
terface has a diverging effect, this being relative to the case of the plane interface. 
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Figure 2. Broadband fields radiated in a solid by a spherical immersed transducer through 
an interface -a) plane, -b) cylindrical from the inside and -c) cylindrical from the outside in 
planes perpendicular to the generatrix. 
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Figure 3. Scalar potential waveforms radiated at -a) z = 14mm, on-axis, b) z = 3mm, on-
axis, -c) z = 3mm, 15mm off-axis. Ist column :plane interface. 2nd column: concave cy-
lindrical interface. Times expressed in 11s. 
Curved interfaces modify not only the amplitude at a field-point but also the wave-
form. Figure 3 shows some example of waveforms of the scalar displacementpotential at 
various field-points in the solid. They are computed in the case of a transducer at normal 
incidence having the same geometrical characteristics as that used in the examples shown 
in Fig. I and excited by the samepulse as that used for the examples given in Fig. 2. In the 
focal zone, the same waveform is observed, whatever the interface considered since all the 
contributions reach the zone after about the sametime-of-flight and interfere construc-
tively. As a consequence, the potential hereisproportional to the excitation pulse. In the 
near-field, the waveforms are different. It is particularly visible at the end of the signal 
(these contributions are from the far edge of the transducer and their wavepath are more 
modified by the curved interface than those arising from the near edge or the center of the 
transducer). 
858 
a) b) 
2 0 
"""' ~
2-
1,5 
-0,4 
0 
"0 
-0,8 .~ 
0.. 0,5 
Ei -1,2 
C'd 0 
1.5 1 1.5 
Ra I 9\ Ra I 9\ 
Figure 4. Relative amplitudes of the displacement computed with and without DF correc-
tion for a source point in water at a height of 9t I 2 as a function of the field point position 
Ra along the z-axis. -a) concave cylindrical, -b) convex cylindrical interface. 
Influence of Divergence Factor Corrections 
This paragraph aims at discussing the effect on refracted fields of DF modification 
induced by the interface curvature. For this, we computed the field radiated through various 
cylindrical interfaces by taking account or not of DF corrections introduced in this paper, 
that is, by using the formula of DF for plane interfaces orthat corrected for cylindrical in-
terfaces. In both cases however, wavepaths considered are those for cylindrical interfaces. 
Figure 4 shows the relative amplitude of the fields computed along the z-axis as-
suming a point source in the fluid positioned at a height of 9t I 2, as a function of the field 
point position. This shows that the concave water I steel interface has a focusing effect and 
that the convex water I steel interface has a diverging effect. At ranges up to 1.5 9t, the am-
plitude is corrected by a factor + 1.8dB in the former case and -1.3dB in the latter. 
Figure 5 shows the field radiated at points of 2-D zones parallel to the generatrix of 
Figure 5. Same computation zone as Fig. 1. -a) and -c) DF for plane interface. -b) and -d) 
DF for cylindrical interface. -a) and -b): Fields for the concave interface, -c) and -d) con-
vex. Relativeamplitude scales are given on the figure ([-b) I -a)] and [-d) I -c)]). 
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the cylinder in the cases of convex and concave interfaces computed by taking or not into 
account DF modifications. The same configurations (dimensions, excitation, position of 
the transducer relatively to the piece) as those modeled in Fig. 1 are considered.lt appears 
clearly that the field structure is not modified by DF corrections. Only the overall ampli-
tude changes in the same way as what is observed in the previous example of a point 
source (Fig. 4).1t must be noticed that the amplitude correction issmall (about 1dB). 
CONCLUSION 
The field transmitted through a fluid I solid interface can be calculated in nurober of 
cases of interest for nondestructive testing under the geometrical optics approximation. 
When the interface is curved, it is of first importance to compute accurately the paths of 
stationary phase (according to Snell-Descartes' law), whatever the value of radii of cur-
vature of the interface relatively to the wavepaths and wavelength. The field structure is 
predominantly dependent on them. 
The modifications induced by taking into account exact divergence factors in the ra-
diation integral concem solely the relative amplitude of elementary contributions. There-
fore, they play a less important role in the interference structure of the field than wavepath 
modifications. A close observation of the results shows that the field structure is modified 
only in these regions of the field where elementary contributions arise from a large solid 
angle. In the same regions, destructive interferences are predominant so that amplitude 
correction of DF does not fundamentally modify the overall structure of the radiated field. 
The !arger the source aperture is, the greater the field structure modifications will be. How-
ever, even if the field structure is weil predicted without DF correction, the overall ampli-
tude can be affected by this correction as shown in the examples just given. For the exam-
ples given in this paper, amplitude corrections aresmall (and almost negligible). When the 
radii of curvature of the interface are of the same magnitude as or smaller than the 
wavepaths ( a configuration of testing not often encountered) it is also important to take 
correctly account of the changes of wavefront curvatures of the refracted pencils (by means 
of DF corrections) induced by the curved interface. Explicit analytic formulas to take 
account of wavefront modifications have been recalled in the case of a spherical interface 
[2] and have been derived in the case of cylindrical interfaces. In the cylindrical case, the 
correction depends on the angle made by the plane of incidence with the generatrix of the 
cylinder. 
Comparisons of Champ-Sons predictions with experiments for cylindrical interfaces 
(not given herein) have shown the accuracy of the model. In the case of plane interfaces, 
such a comparison has been presented in Ref. 1. 
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